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SPLIT OCTONIONS AND MAXWELL EQUATIONS
PAWE NUROWSKI
Abstrat. A formulation of the Maxwell equations in terms of the split o-
tonions is presented.
A well known multipliation rule for the imaginary otonions [1℄, depited shemat-
ially on the Fano plane,
i
e4
e3 e
e7
e1
e52
e6
may be generalized to the following multipliation table
e1 e2 e3 e4 e5 e6 e7
e1 −1 e4 e7 −e2 e6 −e5 −e3
e2 −e4 −1 e5 e1 −e3 e7 −e6
e3 −e7 −e5 ∓1 e6 ±e2 ∓e4 ±e1
e4 e2 −e1 −e6 −1 e7 e3 −e5
e5 −e6 e3 ∓e2 −e7 ∓1 ±e1 ±e4
e6 e5 −e7 ±e4 −e3 ∓e1 ∓1 ±e2
e7 e3 e6 ∓e1 e5 ∓e4 ∓e2 ∓1
.
In this table the upper sign orresponds to the multipliation of the imaginary
otonions and the lower sign to the multipliation of the imaginary split otonions.
Via the above multipliation rules the 8-dimensional real vetor spae
Span
R
{1, e1, e2, e3, e4, e5, e6, e7}
gets equipped with the struture of two (nonassoiative) algebras with unit 1. These
two algebras are alled otonions for the upper sign in the table and the split
otonions for the lower sign.
In this letter we will use a vetor-valued (split)otonion
~Q = (e1, e2, e4) and its
orresponding vetor-valued (split)otonion e7 ~Q = (e7e1, e7e2, e7e4) = (e3, e6, e5).
Consider now two vetor elds on R
4
~E : R4 → R3, (t, x, y, z) 7→ ~E = (Ex, Ey , Ez)
and
~B : R4 → R3, (t, x, y, z) 7→ ~B = (Bx, By, Bz).
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Dene
F = Exe1 + Eye2 + Eze4 +Bxe3 +Bye6 +Bze5 = ~E ~Q+ ~B(e7 ~Q)
= (Ex + e7Bx)e1 + (Ey + e7By)e2 + (Ez + e7Bz)e4 = ( ~E + e7 ~B) ~Q.
and
∂ = e1∂x + e2∂y + e4∂z + e7∂t.
Then using the above multipliation table and the standard notation of vetor
alulus in R
3
we have:
∂F = −~∇ ~E + (~∇× ~E ∓ ∂
~B
∂t
) ~Q+ (−~∇× ~B + ∂
~E
∂t
)(e7 ~Q) + (~∇ ~B)e7.
Thus we see that if we hoose the split otonions (lower sign) then
∂F = 0
is equivalent to the equations
~∇ ~E = 0, ~∇× ~E = −∂
~B
∂t
~∇ ~B = 0, ~∇× ~B = ∂
~E
∂t
.
Several remarks are in order:
Remark 0.1. Why the Nature prefers the split otonions rather than the otonions
for the eletromagnetism?
Remark 0.2. It is interesting to note that F dened above is not a generi imaginary
split otonion. If we were to hose a generi imaginary split otonion
F = Exe1 + Eye2 + Eze4 +Bxe3 +Bye6 +Bze5 + Se7,
where S = S(t, x, y, z) was arbitrary funtion on R4, then
∂F = (−~∇ ~E + ∂S
∂t
) + (~∇× ~E + ∂
~B
∂t
) ~Q+ (−~∇× ~B + ∂
~E
∂t
− ~∇S)(e7 ~Q) + (~∇ ~B)e7.
In suh ase ∂F = 0 would orrespond to
~∇ ~E = ∂S
∂t
, ~∇× ~E + ∂
~B
∂t
= 0
~∇ ~B = 0, −~∇× ~B + ∂
~E
∂t
= ~∇S.
These equations for ( ~E, ~B) ould be then interpreted as the Maxwell equations
for eletromagneti eld ( ~E, ~B) generated by the harge density ρ = ∂S
∂t
and the
urrent density
~j = ~∇S. Note that to get the magneti harge densities and mag-
neti urrents we would need to introdue the generi (not purely imaginary) split
otonion F .
Remark 0.3. Now the story is quite puzzling: an authomorphism σ of the split
otonions is an element of the nonompat real form of the exeptional Lie group
G2. Sine σ(∂F ) = σ(∂)σ(F ) then, if F satised the Maxwell equations ∂F = 0,
the transformed σ(F ) would satisfy the equations σ(∂)σ(F ) = 0. But the trans-
formed eld σ(F ) is a general split otonion; the transformed derivative σ(∂) also
is. The physial interpretation of the σ-indued transformation on the spae time
oordinates (t, x, y, z) and the eletromagneti eld ( ~E, ~B) would be interesting.
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